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Analysis of steel reinforced functionally graded
concrete beam cross sections

Shota Kiryu', Ay Lie Han?, ITham Nurhuda®, and Buntara S. Gan*"

1 Introduction

Most human-made materials such as concrete and ceramics are deliberately designed and
manufactured with homogeneous properties. The homogeneity is eff@five to ensure the
safety of a structure. However, sometimes it can lead to ineffectiveness in the use of natural
resources since high-stress concentration problems only occur in certain parts of the
structural element. On the contrary to the homogeneity assumed in the analyses and design,
steel Reinforced Concrete (RC) structure elements in built structures are mostly found as
graded concrete material [1-2]. The non-homogeneous material property is inherent as a
result of mixing, placing, consolidating and curing procedures, in addition to the
segregation and accumulation of the aggregates during the mixing. Additionally, some
workability factors such as bleeding and microcracking due to premature water evaporation
also play a role in making the concrete material non-homogeneous.

Functionally Graded Material (FGM) is a new kind of combining two or more materials
where the essential properties are varied over a specified orientation to obtain some desired
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function abilities [3]. In FGM compositions, two or more material properties are blended
functionally to improve material performances. Bamboo is a kind of material in nature that
shows a radial gradient of property as a result of the evolutionary process to adapt their
living environmental conditions [4-6].

Studies on the FGC, however, are very limited. Attempts to manufacture [7-8] an FGC
material face one challenging difficulty: creating a smooth transition between two different
properties. Unless the continuous transition 1s not achieved, a laminated or composited
material will be produced. The transition zones, where the stress concentrations occur, will
degrade the quality of the FGC material. In [7-8], a vaniation in the cement content relative
to volume 1s adapted to manufacture the FGC. The method developed in [7-8] was found
useful in creating a graded material of FGC having both strength and stiffness properties
varying through the depth of the concrete specimen.

Experimentally and numerically [8-11], some studies on the effects of two concrete
strengths gradation of FGC cylinder compressive strength specimens have reported that the
ultimate strengths of the FGC were limited by the lowest concrete strength of the FGC and
their rigidities are close to the highest compressive strength of the FGC mixture.

However, FGC has not been implemented widely in construction projects. One major
problem in implementing FGC is that there are no building codes available for analyzing
and designing FGC elements in structures. The wariation of concretes with different
strengths and elastic moduli on an FGC element need an accurate method to estimate their
strengtfind behavior. In this paper, we show a method and corresponding analysis to
design a steel Reinforced Functionally Graded Concrete (RFGC) beam subjected to a
bending moment. By using the presented method, the RFGC can be designed similarly with
the conventional steel RC member. In the end, a study on price comparison is conducted to
highlight the economic feasibility of the RFGC.

2 Functionally graded concrete

2.1 FGM concept applied to the steel reinforced concrete beam

Applying the FGM concept to the RC beam can be achieved by manufacturing the FGC
reinforced by steel bars. Figure 1 depicts the resulting RFGC [{flam. By grading two
different types of the concrete strengths throughout the thickness of the cross-section of a
beam, a possible scheme to reduce the unnecessary concrete strength in the tension zone
and to increase the necessary concretefglirength in the compressive zone. Optimally, there
will be no reduction of the beam’sl%ding strength, and at the same time, this can
potentially reduce the material prices. Similar ideas could lead to the enhancement of a
wide range of other building components.

fig. 1. RFGC beam element.
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The graded elastic modulus of the concrete beam shown in Fig. 1. and is defined by the

following:
E,-E,(yY
E(W=E,|1+—=—=|= 1
1(}) r.bI: Etb [h) :| { )

where £ ( ais the concrete elastic modulus at y ordinate; E, 1s the concrete tmlic
modulus at the bottom of the beam cross-section; E, is the {:c-nntc clastic modulus at the
top of the beam cross-section; y is measured from the bottom of the beam cross-section;

h is the height of the beam cross-section; and p is the gradient of the modulus variation.

2.2 Allowable stress design method of RFGC

The allowable stress design (ASD) code standard for designing an RC beam subjected to

bending moment has been used for many vears. For comparison purposes in this paper, we

will examine how RFGC is analyzed in the ASD and then discuss the advantages of the

RFGC in the design of an RFGC beam subjected to a bending moment.

In the ASD, the following assumptions are made:

1. In the calculation of stresses at the FGC and steel bars at a section, the tensile strength
of the assumed cracked concrete part below the natural axis 1s neglected.

2. Ble dimension of the length of the beam is relatively long compared to the maximufs)
dimension of the cross-section. Hence, the section remains plane and perpendicular to
the neutral axis of the beam after the deformation.

3. The material properties of stﬁ and concrete are linear elastic.

The kinematics of the RGFC beam cross-section under a bending moment are illustrated
in Fig. 2. The compression forces consist of the uncracked concrete area and steel bar in
COMpression, whilhc tensile force is only resisted by the steel bar in the cracked concrete
area. The design of the beam cross-section is iterated by the calculation of balancing
moment strengths controlled by the concrete and steel.

L

cross-section stress distribution

Fig. 2. Stress distnbution of the cracked RFGC cross-section.

In ASD, the modular ratio, n, as the function of v is defined as:

n(y)=—"= (2)
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The equilibrium state of the steel and concrete forces after neglecting the tension
portion of concrete can be obtained from the stress distributions shown in Fig. 2, which can
be expressed by the following:

S=C+§’ (3
with
o— ns _ _
5= hﬂ Z:r1{;,{w.]_].{_rf1fr (4)
e =l
o O & -
§'= =2 (¥ ) DA 5)
e I=l
[¢))
C=—2L|ydAd §)
0 Jy L (6)

C

where S is the total tensile force from the steel bars; S”is the total compressive force from
the steel bars: C is the total compfssive force from the uncracked concrete portion;
¥. ¥, and y, are measured from the ncuul axis of the cracked beam cross section; o, is
the stress of the concrete fiber at the top of the beam’s cross-section: /_ is the height of the
uncracked steel reinforced FGC section from the neutral axis: ms.ms are the number of
tensile and compressive steel bars; and A, 4, and 4, are the area of the uncracked
concrete, and /-th tensile steel bar and compressive steel bar, respectively.

By substituting Eqgs. (4-6) into Eq. (3). the neutral axis position (h—y_ ) of the cracked
beam cross-section can be calculated from:

s

« B
[7 .+ X n(Fa)Fadq - on(3,)5.4, =0 )

i=l
The second moment of inertia of the beam cross-section then can be computed by:

I= ]I.l J_JE d’ir + gn [ .}_}4»-# ) Jj.-cz’f"lix’:‘ - ; H(J_}.w’ :].}_}ff‘44.v =0 (8)

The stress of an arbitrary point can be calculated by:

a Mh,

o 9
== (9)
o, =n(7,) 2t (10)
. =5
_ gﬂ _.r'r
o, =n(¥, J—*hy (11

©

The arm length e of the couple between compressive and tensile forces of the beam
cross-section can be determined from:
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Given the allowable stress of steel bar and concrete (compressive side), the bending-
resistant moments of the RFGC beam cross-section can be determined from the lowest
value between:

M =% (13)
n[yn'r]yiﬁ
&1
i mTed 14
M, P (14

where M __and M are the allowable resisting moments of steel and concrete, respectively.

3 Economic considerations: a price material comparison study

In this study, the Japanese design standard for structural calculation of RC structures [12] 1s
referred in the calculations of design and analysis. Only the material price of the concrete
will be compared because the manufacturing process for the RFGC technologically is not
available in the current time frame of development.

3.1 Design of rectangular RC and RFGC beams

Figure 3 shows two homogeneous (p = 0) RC beams of 69 MPa and 28 MPa concrete
compressive strengths, namely Case-1 and Case-3. respectively. Case-2 in Fig. 3 shows an
RFGC beam cross-@htion of functionally graded concrete compressive strengths which
vary from 28 MPa at the bottom fiber and 69 MPa at the top fiber of the beam cross-
section.

In this study. the graded function in Eq. (1) of the concrete compressive strengths is
selected to follow the degree of polynomial order of p = 1 (linear), 2 (quadratic) and 3
(cubic) variation of cases. The selection of higher order degree of the polynomial in this
study is because in practice, it 1s not easy to manufacture or by chance find a smooth linear
gradation of FGC beam. Instead, the quadratic or cubic functions are more likely to be
found in real concrete structures.

F. =69MPa F. = 69MPa E, F. =28MPa
- s [ ] [ ] sene [ ] L ] LN L ]
- ssss B - R - - R -
F. =69MPa F. =28MPa E, F. =28MPa
Case-1 Case-2 Case-3

Fig. 3. Cases for a comparison study of a rectangular RF/RFGC beams.
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The elastic moduli [12] can be evaluated from the compressive strength and weight
density of the concrete as,

3f2 F If2
E =2.10x10" x(ﬁj x _‘.) (F. <36 N/mm? )
23) \20 45

2o\ )
E, =335x10* x[g—ﬂ x[ﬁ—a] (F. >36 N/'mm?)

alere, E_is the elastic modulus of concrete in N/mm? F is the compressive design

strength of concrete in N/mm® and ¥, is the weight density of concrete in kN/m®. The
weight densities [12] of y =23 kN/m* and y. =25 kN/m’ correspond to concrete with
compressive strengths of // =28 N/mm” and F =69 N/mm” , respectively. The weight

density of ¥, =78 kN/m" is assigned to the steel bar.

3.2 Volume fraction of FGC beam cross-section

To calculate the price material of each case, the volume fraction of the respective material
constituent in the FGC can be determined from the weight density distribution following

Eq. (L)
The FGC weight density distribution can be expressed as:
Yu=Yu(2Y
7.0)=7, 1+_*(£] (16)
Yo \h

where 7 (y)is the weight density of concrete at y ordinate: y, i1s the weight density of
concrete at the bottom of the beam cross-section: ¥, 1s the weight density of concrete at the

top of the beam cross-section.
By integrating Eq. (16) along the depth of the FGC beam’s cross-section, we can obtain
the total volume per unit depthI” of the FGC from:

r=j{x;,[1+%[§] ]b(y)}afv (17)

0 eh
where b(v) is the y-variable width of the FGC beam cross-section.

The volume of a fraction of a rectangular section, where the width 5(y) = b 1s a constant,
of the FGC made of two concrete strength components, then can be determined by
integrating Eq. (16) which results in:

Jor p=0=V =V, =V
Jor p=1-=V,+V, =21
for p=2-V, +2V, =3V
Jor p=3-=V +3V, =4I

(18)

r

where 17,.17, and]” are the volumes of the corresponding compressive strength of concretes

b

at the bottom fiber, top fiber and entire beam’s cross-section, respectively.
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3.3 Price of material calculation

Table 1 shows the average unit price of homogeneous concrete material and steel bar
available in the construction material price standard in Japan at present (2018).

Table 1. Concrete and steel bar prices (2018 average price market in Japan).

Strength ; Steel

: YEN/m? o8

e (MPa) SD-345
28 17 400 (YEN/Ton)
69 34 700 67 000

As a base for comparison study, the high strength concrete of RC beam (Case-1) is
designed to determine the appropriate bending moment for loading, its dimension of the
cross-section and required reinforcing steel bars. The results are then used for designing the
other cases to find the optimal beam cross-section dimensions and required reinforcing steel
bars. The design 1s ﬂptimd by finding a suitable loading of bending moments that are
a)sc: to Eqgs. (13-14), the dimensions of the cross-section, and requirement of reinforcing
steel bars within the allowable stress limit of concrete and steel bar materials. The
allowable stress of concrete is determined from &, = F, /3 and the allowable stress of steel
bars is limited by &, =215 N/mm” (Steel Grades Carbon Steel SD345).

The results of the design and analysis of the RC and RFGC beam subjected to the
bending moment are tabulated in Table 2. The beam cross-section dimensions (b = h) and
required steel bars and the total material prices are also shown in Table 2.

In each Case, the volume of the concrete is computed from the fraction volume given by
Eq. (18) multiplied by the corresponding weight density and unit price shown in Table 1.
The price of steel bars per unit length is calculated from the unit price shown in Table 1.

Table 2. Price comparison of RC and RFGC rectangular beams subjected to bending moment

(M 4y =340KkN.m ).
Concrete volume
bxh (m®) per unit Steel bars Total price
Case P ;ml} length (top) per meter length
F.= F.= (bottom) (Yen)
28 MPa | 69 MPa
223 = $29 10 803
320 = : . ;
| 20 ~ 600 0.0000 0.1920 2 %3 §29 (+25.7%)
1 =2« §29 7451
300 = : . ;
2A 00 = 600 0.0900 0.0900 2 %3 % 429 (-13.3%)
1 %2 = 29 6932
300 = . . ;
2B 00 = 600 0.1200 0.0600 2 %3 % 429 (-19.3%)
. . 1 #2 = §29 6672
2C 300 = 600 0.1350 0.0450 2 %3 429 (-22.4%)
. 1«5 = ¢25
3 450 = 770 0.3465 0.0000 15 x 425 8594

4 Results and conclusion

From Table 2, in general. Cases 2A-C are the RFGC beams with lower material prices
compared to either the normal RC (Case-3) and high strength RC (Case-1). Apparently, the
high strength RC (Case-1) has a higher matenal price compared to the normal RC (Case-3).
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In Fig. 4, the lowest material price is found at Case-2C where the gradation function of
compressive strength is following the 3" degree of polynomial.

10

Case-1 Case-2A Case-2B Case-2C Case-3

8594

4. Price comparison of concrete material (Japanese Yen/meter length).

The following conclusions can be drawn from the present case study:

1. The 3™ degree of polynomial assumption, which is most likely found in the built
structural members of the graded concrete distribution, was found to be the most
effective combination for FGC material. Therefore, there is no need to produce the
linear (p = 1) FGC which is, indeed, more difficult to manufacture.

2. By using the RFGC (Case-2), the weight of the normal RC (Case-3) can be reduced by
41.8% less. and thereby, lightweight structure and more spaces can be gained in
designing high-rise building.

3. Given the material price comparison, the RFGC beams are more economical than both
the normal and high strength RC beams.
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