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Sustainable Design Approaches –  
From Durable Concrete to Service Life Design for Concrete Structures 

Harald S. Müller, Michael Vogel and Michael Haist
Institute of Concrete Structures and Building Materials (IMB) and Materials Testing and Research Institute (MPA Karlsruhe),
Karlsruhe Institute of Technology (KIT), Germany

Abstract: Sustainable structural engineering is based on the basic principle that the energy and resources consumption due to 
the erection and operation of a building or structure must be minimized. For the structural engineer this opens up two possibili-
ties: On the one hand, the embedded energy necessary for the erection of the building must be minimized, for example by us-
ing cement reduced concretes. On the other hand, this approach only leads to a sufficient sustainability if a sufficient durability 
of the structure is guaranteed. This means that the durability of the structures, and especially of our infrastructure, must be suf-
ficient to withstand the different environmental exposures during the planned service life. Therefore it is necessary to use dura-
ble building materials in connection with elaborated tools which allow for the prediction of the time dependent material beha-
viour. Against this background this paper focuses on the properties, mainly the durability and the sustainability of new types of 
concrete, with a special focus on Ultra High Performance Concrete. Furthermore, the basic tools of probabilistic design con-
cepts for durability and the related material models are dealt with and different applications in practice will be shown. Particu-
lar emphasis is laid on the failure analysis and the risk assessment. New approaches will be presented to deal with coupled de-
gradation processes and to integrate durability design with singular structural damages (e.g. failure of pre-stressing).

Keywords: Sustainability, Durability, Green Concrete, Ultra High Performance Concrete, Service Life Design.

1 INRTODUCTION 
In the recent past the concept of sustainable develop-
ment came into the focus of public and political 
awareness. The most important principle of this con-
cept is that the current resource consumption must not 
affect the needs of future generations. As buildings or 
constructions are usually realized to last 50 or more 
years – i.e. more than one generation –, the building 
industry plays a key role in all kinds and strategies for 
sustainable development. This holds particularly true 
before the background that the construction industry is 
responsible for a significant percentage of the material 
and energy use by mankind. The realisation of the 
principle of sustainable development requires durable 
building materials in connection with a method for 
service life design of concrete structures.  

2 NEW TYPES OF STRUCTURAL CONCRETES 
In the last two decades considerable progress in con-
crete technology has taken place. New types of con-
crete, such as self-compacting concrete (SCC) and 
high strength concrete (HSC), are produced and ap-
plied in practice on a routine basis. Today even ultra 
high strength concrete (UHPC), reaching compressive 
strength values above 200 MPa, may be produced and 
applied for precast concrete elements. Further, prom-
ising trends such as ultra ductile concrete, ecological 
concrete (green concrete) and textile concrete are un-
der way. Particularly, green concrete – which is a type 
of structural concrete with reduced environmental im-
pact in terms of reduced energy consumption, reduced 

emissions to the atmosphere, reduced waste and re-
duced consumption of natural resources – is in the 
focus of the current research in the field of sustaina-
bility. Besides, also the strengthening of concrete by 
new materials reveals a remarkable potential for the 
improvement of concrete performance.  

It is not possible to treat the above mentioned special 
concretes in detail here. Hence, this paper concen-
trates on ultra high strength concrete, which is also a 
sustainable concrete as will be subsequently shown.
This type of concrete may be roughly characterized as 
a structural concrete with a compressive strength 
above 120 MPa achieved by a very low water/binder 
ratio and an optimized packing density of all granular 
raw materials. 

As the very high strength is always associated with a 
very high durability, i.e. excellent performance cha-
racteristics, this type of concrete is usually termed as 
Ultra High Performance Concrete. 

Mix design, composition and properties in the fresh 
and the hardened state of this special concrete deviate 
considerably from those of conventional structural 
concrete, as will be shown in the subsequent sections. 
Moreover, the related governing parameters and ef-
fects are dealt with in the following. 
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Abstract: Visual observations to the Interfacial Transition Zone (ITZ) between aggregate and mortar in concrete showed that 
this area differs significantly to the bulk mortar, further away from the ITZ. This ITZ has a higher porosity with a dissimilar 
crystal formation, therefore becoming the weak link in the material. In the past, concrete was seen as a two-phase material 
consisting of mortar and aggregates only. However, analyzing the material as a three-phase composite including the ITZ, will 
give a more realistic representation to its behavior. A Finite Element Model (FEM) was developed. The ITZ is modeled as a 
linkage element having a double spring, perpendicular and parallel to the ITZ surface. The individual load-deformation 
responses of these springs were obtained from laboratory tested specimens. Non-linearity is generated by evaluating the 
principal stresses at Gauss points, using the Kupfer-Hilsdorf-Rusch (1969) failure envelope and the CEB-FIB 2010 code. 
Iteration is conducted by the arc-length method developed by Riks-Wempners. The load-displacement curves resulted by the 
FEM were validated to laboratory tested specimens curves, to compare its effectiveness and asses the sensitivity of the model. 

Keywords: ITZ, Linkage-element, non-linearity, failure criteria. 

1 INTRODUCTION

1.1 The Interfacial Transition Zone (ITZ)

The presence of the aggregate-to-mortar ITZ is to 
date, widely acknowledged and recognized as the 
“weak link” in concrete. This weakness is due to the 
low adhesive strength, highly depending on the 
volume and size of voids in the ITZ. Also, the 
characteristics of large crystals tend to posses less 
adhesion capacity. These calcium hydroxide crystals
have an orientation that allows cracks to occur along 
their weak bond plane. Further, micro cracks tend to 
propagate along the weak plane of the crystals 
following the plane of Van der Waals forces.  

Due to its very small size, only 30 to 50 μm in 
thickness, direct tests methods to obtain the ITZ 
properties are up till now, at not available. The most 
recent technique is the micro-indentation method,
measuring the modulus of elasticity and creep from 
the indentation at a distance from the ITZ. 

When constructing a model, the majority of Finite 
Element Models (FEM) represents the bond in the ITZ
by the smeared-crack method, allowing crack 
propagation along its surface. The constitutive model 
for the bond relationship is highly simplified. The 
most widely chosen approach is the inverse modeling 
technique.  For this technique, a simplified laboratory 
specimen is constructed to function as calibrating tool 
to numerical or FE models, assuming the mortar 
matrix as a continuum element. The ITZ itself is 

assumed homogeneous; variation along the aggregate 
surface is usually not incorporated into the model. 

1.2 Modeling the ITZ

In this research work, the ITZ is modeled as a linkage 
element consisting of two springs, one perpendicular
and one parallel to the ITZ surface, characterizing its
normal and shear behaviors (Figure 1). The linkage 
element is connected by two nodes, one on the 
aggregate surface, denoted as "a" and one at the 
mortar element denoted by "m". The nodes have two 
degrees of freedom each. 

Figure 1: Linkage element model for the ITZ

The stiffness modulus' of the springs kn and kv are 
expressed in their load-displacement responses and 
obtained by specific developed, individual laboratory 
tests (Han and Nuroji, 2010; Han and Sabdono, 
2011). When stresses increase, the relative 
displacements in the global coordinate system are 
converted to the coordinate system of the linkage
element, to update the corresponding stiffness 
modulus. Due to the highly non-linear nature of the 
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sustainable concrete as will be subsequently shown.
This type of concrete may be roughly characterized as 
a structural concrete with a compressive strength 
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As the very high strength is always associated with a 
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racteristics, this type of concrete is usually termed as 
Ultra High Performance Concrete. 

Mix design, composition and properties in the fresh 
and the hardened state of this special concrete deviate 
considerably from those of conventional structural 
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1 INTRODUCTION

1.1 The Interfacial Transition Zone (ITZ)

The presence of the aggregate-to-mortar ITZ is to 
date, widely acknowledged and recognized as the 
“weak link” in concrete. This weakness is due to the 
low adhesive strength, highly depending on the 
volume and size of voids in the ITZ. Also, the 
characteristics of large crystals tend to posses less 
adhesion capacity. These calcium hydroxide crystals
have an orientation that allows cracks to occur along 
their weak bond plane. Further, micro cracks tend to 
propagate along the weak plane of the crystals 
following the plane of Van der Waals forces.  

Due to its very small size, only 30 to 50 μm in 
thickness, direct tests methods to obtain the ITZ 
properties are up till now, at not available. The most 
recent technique is the micro-indentation method,
measuring the modulus of elasticity and creep from 
the indentation at a distance from the ITZ. 

When constructing a model, the majority of Finite 
Element Models (FEM) represents the bond in the ITZ
by the smeared-crack method, allowing crack 
propagation along its surface. The constitutive model 
for the bond relationship is highly simplified. The 
most widely chosen approach is the inverse modeling 
technique.  For this technique, a simplified laboratory 
specimen is constructed to function as calibrating tool 
to numerical or FE models, assuming the mortar 
matrix as a continuum element. The ITZ itself is 

assumed homogeneous; variation along the aggregate 
surface is usually not incorporated into the model. 

1.2 Modeling the ITZ

In this research work, the ITZ is modeled as a linkage 
element consisting of two springs, one perpendicular
and one parallel to the ITZ surface, characterizing its
normal and shear behaviors (Figure 1). The linkage 
element is connected by two nodes, one on the 
aggregate surface, denoted as "a" and one at the 
mortar element denoted by "m". The nodes have two 
degrees of freedom each. 

Figure 1: Linkage element model for the ITZ

The stiffness modulus' of the springs kn and kv are 
expressed in their load-displacement responses and 
obtained by specific developed, individual laboratory 
tests (Han and Nuroji, 2010; Han and Sabdono, 
2011). When stresses increase, the relative 
displacements in the global coordinate system are 
converted to the coordinate system of the linkage
element, to update the corresponding stiffness 
modulus. Due to the highly non-linear nature of the 
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cementitious material and the ITZ, the arc-length 
iteration technique is accessed, to accommodate this 
behavior in the structure. 

1.3 ITZ Load - Displacement Responses

The ITZ load-displacement responses are defined by a 
series of factors such as the roughness of the 
aggregate surface, the mechanical properties of the 
mortar, the water cement ratio and the presence of 
bleeding. The normal response is obtained by 
recording the behavior of a cylindrical aggregate, 
attached to a mortar surface. A tensile load is 
generated by the Dyna Proceq halftprufer Z16, and 
the displacement recorded by three crack clips 
connected to a data logger (Figure 2). 

Figure 2: Testing the normal response of the ITZ

The shear response is measured by applying a uniform 
compression load to a square aggregate, embedded in 
a mortar block. The bond of two opposite sides of this 
aggregate to the mortar is prevented by inserting a 
150μm Teflon sheet. Mortar confinement is monitored 
by two strain gauges attached perpendicular to the ITZ
surface (Figure 3).  

Figure 3: Testing the shear response of the ITZ

The resulting load-displacement response in the 
normal direction is characterized by a polynomial to 
the second degree. The curve shows a distinctively 
non-linear behavior, even at very low loading levels.
The ultimate capacity occurs due to bond failure in the 
ITZ. The load-displacement relationship for the ITZ in 
shear has a bi-linear function, the first part 
representing the stiffness modulus as a contribution of 
adhesion and friction, and the second being purely the 
result of friction and fine aggregate interlocking.

The resulting load-displacement responses in the 
normal and shear directions, and their comparisons are 
shown in Figure 4. It can be seen that the ultimate 
normal displacement is relatively low, when 
compared to shear. It is therefore most likely that 
failure in the ITZ will be initiated in the tension area.  

Figure 4: ITZ stiffness behavior

2 ITZ MODELING

2.1 The linkage element's stiffness matrix.

The two springs are characterized by their relative 
movements; one in the direction perpendicular to the 
ITZ surface and in this research work denoted as the 
normal response, and one parallel to the ITZ surface, 
defined as to be the shear response. Since the relative 
displacement of the two adjacent nodes represents the 
behavior of the spring, these displacements should be 
transformed from the global coordinate system (X, Y) 
to the local coordinate system (n, v). The local 
coordinate system is demarcated at the bisection line 
of the angle between the two ITZ surfaces of the 
aggregate (Figure 5).

Figure 5: Linkage degrees of freedom

The matrix formulation in the global system is written 
as: 
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ment came into the focus of public and political 
awareness. The most important principle of this con-
cept is that the current resource consumption must not 
affect the needs of future generations. As buildings or 
constructions are usually realized to last 50 or more 
years – i.e. more than one generation –, the building 
industry plays a key role in all kinds and strategies for 
sustainable development. This holds particularly true 
before the background that the construction industry is 
responsible for a significant percentage of the material 
and energy use by mankind. The realisation of the 
principle of sustainable development requires durable 
building materials in connection with a method for 
service life design of concrete structures.  

2 NEW TYPES OF STRUCTURAL CONCRETES 
In the last two decades considerable progress in con-
crete technology has taken place. New types of con-
crete, such as self-compacting concrete (SCC) and 
high strength concrete (HSC), are produced and ap-
plied in practice on a routine basis. Today even ultra 
high strength concrete (UHPC), reaching compressive 
strength values above 200 MPa, may be produced and 
applied for precast concrete elements. Further, prom-
ising trends such as ultra ductile concrete, ecological 
concrete (green concrete) and textile concrete are un-
der way. Particularly, green concrete – which is a type 
of structural concrete with reduced environmental im-
pact in terms of reduced energy consumption, reduced 

emissions to the atmosphere, reduced waste and re-
duced consumption of natural resources – is in the 
focus of the current research in the field of sustaina-
bility. Besides, also the strengthening of concrete by 
new materials reveals a remarkable potential for the 
improvement of concrete performance.  

It is not possible to treat the above mentioned special 
concretes in detail here. Hence, this paper concen-
trates on ultra high strength concrete, which is also a 
sustainable concrete as will be subsequently shown.
This type of concrete may be roughly characterized as 
a structural concrete with a compressive strength 
above 120 MPa achieved by a very low water/binder 
ratio and an optimized packing density of all granular 
raw materials. 

As the very high strength is always associated with a 
very high durability, i.e. excellent performance cha-
racteristics, this type of concrete is usually termed as 
Ultra High Performance Concrete. 

Mix design, composition and properties in the fresh 
and the hardened state of this special concrete deviate 
considerably from those of conventional structural 
concrete, as will be shown in the subsequent sections. 
Moreover, the related governing parameters and ef-
fects are dealt with in the following. 
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(1) 

Introducing the transformation matrix [R] 

[𝑅𝑅𝑅𝑅] = �

cos𝛼𝛼𝛼𝛼 sin𝛼𝛼𝛼𝛼 0 0
−sin𝛼𝛼𝛼𝛼 cos𝛼𝛼𝛼𝛼 0 0

0 0 cos𝛼𝛼𝛼𝛼 sin𝛼𝛼𝛼𝛼
0 0 − sin𝛼𝛼𝛼𝛼 cos𝛼𝛼𝛼𝛼

� (2) 

The linkage stiffness matrix [k] is written as: 

[𝑘𝑘𝑘𝑘] = �

𝑘𝑘𝑘𝑘𝑛𝑛𝑛𝑛 0 −𝑘𝑘𝑘𝑘𝑛𝑛𝑛𝑛 0
0 𝑘𝑘𝑘𝑘𝑣𝑣𝑣𝑣 0 −𝑘𝑘𝑘𝑘𝑣𝑣𝑣𝑣

−𝑘𝑘𝑘𝑘𝑛𝑛𝑛𝑛 0 𝑘𝑘𝑘𝑘𝑛𝑛𝑛𝑛 0
0 −𝑘𝑘𝑘𝑘𝑣𝑣𝑣𝑣 0 𝑘𝑘𝑘𝑘𝑣𝑣𝑣𝑣

� (3) 

[ΔP] and [Δd] are respectively the increment force and 
the increment node displacement matrix of the link in 
the global coordinate system, and α is the angel 
between the local and global coordinate system 
following the right-hand rule. 

The matrix can now be assambaged into the structural 
stiffness matrix, and used to perform the finite 
elenement analysis. At primary stage, the coordinates 
of the linkage element nodes at the aggregate and 
mortar, are identical. When an increment load is 
applied to the system, the relative displacement 
between the two nodes is calculted. ∆𝑑𝑑𝑑𝑑𝑛𝑛𝑛𝑛 is the relative 
movement of the normal spring (Figure 6). The 
direction of the Δ𝑑𝑑𝑑𝑑�����⃑ 𝑛𝑛𝑛𝑛 vector is used as criterion in the 
analysis of the ITZ.  

Figure 6: Linkage element algorithms

When this vector moves in the positive direction, the 
normal spring is in tension and the stiffness of this 
spring will decrease as a function of the load increase. 
But when the vector moves in the negative direction, 
the spring is in compression, resulting in a fully 
bonded condition. The corresponding stiffness will 
therefore be infinitely large approaching ∞, and it is 
assumed that the two nodes a and m will coincide, 
thus further having identical displacements throughout 
the loading process. While a monotonic loading 
behavior in general results in an identical 
displacement pattern, the behavior of the normal 
spring needs to be evaluated for every convergent 
state.

The behavior in shear is denoted by the vector Δ𝑑𝑑𝑑𝑑𝑣𝑣𝑣𝑣,
and analyzed only when the normal vector is in 
tension. Basically, the direction of this shear vector 
does not influence the behavior analysis, since shear is 
not direction sensitive. The algorithm for the linkage 
read as: Δ𝑑𝑑𝑑𝑑𝑛𝑛𝑛𝑛 > 0  for the spring in the normal 
direction in tension and Δ𝑑𝑑𝑑𝑑𝑛𝑛𝑛𝑛 ≤ 0 when in 
compression

When in tension, two failure options are considered.
First is the case where the total normal-displacement 
dn exceeds the ultimate normal displacement (dn)ult.
The bond in the normal direction then drops to zero.  
However, since the shear capacity is much higher than 
the normal capacity, the kv will still remain in the 
equation and ITZ failure is due to tension. Secondly is 
the case were the total shear-displacement dv
surpasses the ultimate shear displacement (dv)ult. In 
this case the ITZ will fail in shear. When the stiffness 
matrix of the linkage element reaches zero, the bond 
within the ITZ has vanished and this will result in a 
physical gap in the ITZ. During testing procedure of 
the laboratory specimens, the propagation of this gap 
can clearly be observed (Figure 7). 

Figure 7: ITZ failure in tension

For the condition of a linkage element in compression,
a significantly large number in the order of the 15th

exponent is assigned to the stiffness kn and kv, while 
for failure a very small number in the order of the 
negative 6th exponent is used. The main justification is 
that for an element 0.1 mm in size, which is 
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[ΔP] and [Δd] are respectively the increment force and 
the increment node displacement matrix of the link in 
the global coordinate system, and α is the angel 
between the local and global coordinate system 
following the right-hand rule. 

The matrix can now be assambaged into the structural 
stiffness matrix, and used to perform the finite 
elenement analysis. At primary stage, the coordinates 
of the linkage element nodes at the aggregate and 
mortar, are identical. When an increment load is 
applied to the system, the relative displacement 
between the two nodes is calculted. ∆𝑑𝑑𝑑𝑑𝑛𝑛𝑛𝑛 is the relative 
movement of the normal spring (Figure 6). The 
direction of the Δ𝑑𝑑𝑑𝑑�����⃑ 𝑛𝑛𝑛𝑛 vector is used as criterion in the 
analysis of the ITZ.  

Figure 6: Linkage element algorithms

When this vector moves in the positive direction, the 
normal spring is in tension and the stiffness of this 
spring will decrease as a function of the load increase. 
But when the vector moves in the negative direction, 
the spring is in compression, resulting in a fully 
bonded condition. The corresponding stiffness will 
therefore be infinitely large approaching ∞, and it is 
assumed that the two nodes a and m will coincide, 
thus further having identical displacements throughout 
the loading process. While a monotonic loading 
behavior in general results in an identical 
displacement pattern, the behavior of the normal 
spring needs to be evaluated for every convergent 
state.

The behavior in shear is denoted by the vector Δ𝑑𝑑𝑑𝑑𝑣𝑣𝑣𝑣,
and analyzed only when the normal vector is in 
tension. Basically, the direction of this shear vector 
does not influence the behavior analysis, since shear is 
not direction sensitive. The algorithm for the linkage 
read as: Δ𝑑𝑑𝑑𝑑𝑛𝑛𝑛𝑛 > 0  for the spring in the normal 
direction in tension and Δ𝑑𝑑𝑑𝑑𝑛𝑛𝑛𝑛 ≤ 0 when in 
compression

When in tension, two failure options are considered.
First is the case where the total normal-displacement 
dn exceeds the ultimate normal displacement (dn)ult.
The bond in the normal direction then drops to zero.  
However, since the shear capacity is much higher than 
the normal capacity, the kv will still remain in the 
equation and ITZ failure is due to tension. Secondly is 
the case were the total shear-displacement dv
surpasses the ultimate shear displacement (dv)ult. In 
this case the ITZ will fail in shear. When the stiffness 
matrix of the linkage element reaches zero, the bond 
within the ITZ has vanished and this will result in a 
physical gap in the ITZ. During testing procedure of 
the laboratory specimens, the propagation of this gap 
can clearly be observed (Figure 7). 

Figure 7: ITZ failure in tension
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for failure a very small number in the order of the 
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eventually very small, the stiffness's of the springs are 
around 60 MPa. 

2.2 Spring movement algorithms.

The direction of the positive normal coordinate in the 
local system is determined by the vector approach. 
The vectors between the two adjacent notes are 
converted to a unity vector [R][i,j], and their resultant 
calculated. The coefficient of this resultant vector is 
converted to the opposite direction by applying a 
negative sign to the [i,j] matrix (Figure 8).

Figure 8: Algorithms for the ITZ in tension

[𝑅𝑅𝑅𝑅𝑖𝑖𝑖𝑖] = �
𝑥𝑥𝑥𝑥𝑖𝑖𝑖𝑖𝑖1 − 𝑥𝑥𝑥𝑥𝑖𝑖𝑖𝑖
𝑦𝑦𝑦𝑦𝑖𝑖𝑖𝑖𝑖1 − 𝑦𝑦𝑦𝑦𝑖𝑖𝑖𝑖

� (4) 

𝑑𝑑𝑑𝑑 = �[𝑅𝑅𝑅𝑅𝑖𝑖𝑖𝑖]𝑇𝑇𝑇𝑇[𝑅𝑅𝑅𝑅𝑖𝑖𝑖𝑖] (5) 

[𝑖𝑖𝑖𝑖] = 1
𝑑𝑑𝑑𝑑

[𝑅𝑅𝑅𝑅𝑖𝑖𝑖𝑖]𝑇𝑇𝑇𝑇 �𝑖𝑖𝑖𝑖
𝑗𝑗𝑗𝑗� (6) 

[𝑐𝑐𝑐𝑐] = ∑ [𝑖𝑖𝑖𝑖]𝑖𝑖𝑖𝑖=1
3 (7) 

[𝑛𝑛𝑛𝑛] = −[𝑐𝑐𝑐𝑐] = −[𝑅𝑅𝑅𝑅𝑐𝑐𝑐𝑐 ]𝑇𝑇𝑇𝑇 �𝑖𝑖𝑖𝑖
𝑗𝑗𝑗𝑗� (8) 

[𝑅𝑅𝑅𝑅𝑖𝑖𝑖𝑖] is the vector coefficient between the ITZ nodes, 

and 𝑑𝑑𝑑𝑑 is the length between two adjacent nodes. �𝑖𝑖𝑖𝑖
𝑗𝑗𝑗𝑗� is

the unity vector

3 FINITE ELEMENT ANALYSIS

3.1 Failure criteria.

The overall model consists of the ITZ, the bulk matrix 
and the aggregate, modeled as a four point 
isoparametric quadrilateral. The matrix is evaluated 
based on the principal stresses at the Gauss points.  
Failure criterion is distinguished either as crushing or 
fracture of the mortar matrix. Based on the Kupfer-
Hilsdorf-Rusch’s (1969) failure envelope (Figure 9)
crushing will occur in the third quadrant, when all 
principal stresses are in compression. The first 
quadrant is fracture due to tension, while the 
remaining quadrants characterize the tension-

compression failure. In this area the principal tensile 
stresses will initiate cracking of the material, and 
further the material in compression will undergo a 
strain increase. This approach is adopted by the CEB-
FIB 2010 code. 

Figure 9. Kupfer-Hilsdorf-Rusch Failure Envelope

Fracture of a Gauss point under a certain loading 
increment, will influence the stiffness of its element, 
and a reduction in the element stiffness matrix will be 
resulted. Progressive loading will lead to failure of 
one or more Gauss points up till collapse of the 
element as a whole (Han and Purnomo, 2011).

3.2 Material nonlinearity, isotropic and orthotropic 
behavior.

3.2.1 Compression behavior
Various numerical expressions are available, covering 
both the ascending and descending branches of the 
uni-axial stress-strain relationship of concrete in 
compression. In this work the CEB-FIB (2010) model 
was chosen, giving the expression: 

𝑓𝑓𝑓𝑓
𝑓𝑓𝑓𝑓𝑐𝑐𝑐𝑐𝑥𝑥𝑥𝑥

     =  − � 𝑘𝑘𝑘𝑘 .𝜂𝜂𝜂𝜂𝜂𝜂𝜂𝜂𝜂 2

1+ (𝑘𝑘𝑘𝑘𝑘2)𝜂𝜂𝜂𝜂
� (9) 

Where η is 𝜀𝜀𝜀𝜀 𝜀𝜀𝜀𝜀𝑐𝑐𝑐𝑐𝑥𝑥𝑥𝑥⁄ , k is the plasticity number equal 
𝐸𝐸𝐸𝐸0 𝐸𝐸𝐸𝐸𝑐𝑐𝑐𝑐𝑥𝑥𝑥𝑥⁄  and E0 is the initial tangent modulus taken as 
 21500(𝑓𝑓𝑓𝑓𝑐𝑐𝑐𝑐𝑥𝑥𝑥𝑥 10⁄ )1/3 . Further, Ecm is the secant 
modulus at peak stress, and εcm is the strain at peak 
load (mm/mm).

The failure criterion is expressed either in terms of the 
three stress invariants 𝑓𝑓𝑓𝑓(𝜎𝜎𝜎𝜎1, 𝜎𝜎𝜎𝜎2, 𝜎𝜎𝜎𝜎3) = 0 in the Haigh - 
Westergaard system, or in the hydrostatic system as 
𝑓𝑓𝑓𝑓(𝜉𝜉𝜉𝜉, 𝜌𝜌𝜌𝜌, 𝜃𝜃𝜃𝜃) = 0. Tensile stresses are signed positive and 
compression negative. Expressed in terms of their 
invariants, the function becomes 𝑓𝑓𝑓𝑓(𝐼𝐼𝐼𝐼1, 𝐽𝐽𝐽𝐽2, 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐3𝜃𝜃𝜃𝜃) = 0

Further, Ottosen (1979) developed an algorithm to 
incorporate non-linearity by introducing the non-
linearity index β, relating the actual most compressive 
principal stress σ2 to the stress at failure state in 
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