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Abstract. The Inverse Moore Penrose matrix has been applied in various areas, for example in statistic and optimization. In this paper we study Inverse Moore Penrose matrix which is applied to Integral Domain. We will first discuss the characterization of all matrices over Integral Domain which admits Moore Penrose Inverse. With this characterization we will derive  necessary and sufficient conditions for a matrix to have a Moore Penrose Inverse. We also show the relations between Moore Penrose Inverse matrix and Compound matrix. The aim of this paper is to obtain an explicit formula for the Moore Penrose Inverse when it exist and gives a necessary and sufficient condition for a matrix to have a Moore Penrose Inverse under the assumption that a matrix has a rank factorization.
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1. PENDAHULUAN
Jika A adalah suatu matriks dengan rank r dan elemen elemennya merupakan ring komutatif, maka syarat perlu dan cu-kup agar A mempunyai invers Moore Pen-rose adalah jika jumlahan dari semua mi-nor berukuran rxr dari A mempunyai in-vers Moore Penrose.
Saat ini matriks invers Moore Pen-rose semakin banyak penggunaannya da-lam berbagai cabang ilmu matematika, mi-salnya dalam statistik dan operasi riset. Oleh karenanya tulisan ini akan membahas mengenai matriks Invers Moore Penrose pada Daerah Integral.
Seperti telah diketahui bahwa Daerah Integral adalah Ring komutatif dengan ele-men satuan yang tidak sama dengan nol dan tidak mempunyai pembagi nol sejati mengacu pada [2]. Selanjutnya untuk dapat memahami tulisan ini, pemahaman menge-nai Daerah Integral sangat diperlukan.
2. MATRIKS INVERS MOORE 

PENROSE PADA DAERAH 

INTEGRAL

Berikut ini adalah definisi menge-nai matriks Invers Moore Penrose.

Definisi 2.1. [3] Diketahui A adalah ma-triks berukuran mxn atas Daerah Integral R. Suatu matriks G berukuran  nxm atas R dikatakan matriks invers Moore Penrose dari A jika:
1. AGA = A

2. GAG = G

3. (AG)
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Lemma 2.1. [3] Diketahui A adalah ma-triks tidak nol berukuran nx1 atas R. Matriks A dikatakan  mempunyai  Invers Moore Penrose jika dan hanya jika A
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Dengan cara yang sama juga dapat ditun-jukkan  untuk matriks tak nol A yang beru-kuran 1xm atas R.

Pada pembicaraan selanjutnya akan dibahas untuk matriks atas R yang full rank.
Definisi 2.2. [3] Diketahui A = ((a
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Teorema 2.1. [3] Diketahui A adalah matriks  berukuran mxn atas R dengan rank n. Pernyataan di bawah ini ekivalen.
1. A mempunyai matriks invers Moore Penrose.
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[image: image148.wmf]T

A invertible di R.
3. 
[image: image149.wmf]å

α



 EMBED Equation.3  [image: image150.wmf]2

A

a

invertible di R. Dengan 
[image: image151.wmf]α

 berjalan sepanjang n elemen subset dari {1,2,…,m}.
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Karena A mempunyai rank n dan dengan menggunakan formulasi Cauchy Binet, diperoleh:
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Teorema diatas juga berlaku jika A mem-punyai rank m (  full row rank ).

Teorema 2.2. [3] Jika A adalah matriks berukuran mxn  di R dengan rank r, dan A = BC adalah faktorisasi rank dari A atas R, maka kondisi dibawah ini ekivalen.
1. A mempunyai invers Moore Penrose.
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Akibat 2.1.
Diketahui A adalah matriks berukuran mxn atas R dengan rank r. Jika ada faktorisasi rank A = BC dari A atas R maka A akan mempunyai matriks Invers Moore Penrose jika dan hanya jika C
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(A) mempunyai in-vers Moore Penrose.

Bukti.
(
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)Karena ada faktorisasi rank A = BC maka C
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(A) = C
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(B) C
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(C). Sehingga karena C
[image: image366.wmf]r

(A) mempunyai invers Moore Penrose dan dengan menggunakan teorema 3 [1)
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3)], diperoleh bahwa jumlahan dari semua elemen di C
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b

{1,2,…,n}. Akibatnya dengan meng-gunakan teorema 3 [3) 
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1)] diperoleh A mempunyai invers Moore Penrose.
(
[image: image374.wmf]Þ

)Misal G adalah invers Moore Penrose dari A, sehingga AGA = A. Dengan meng-gunakan sifat matriks Compound diperoleh bahwa C
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(G) adalah invers dari C
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(A). 
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Lemma  2.2.
Diketahui A matriks berukuran mxn atas R yang mempunyai rank 1. A dikatakan mempunyai invers Moore Penrose jika dan hanya jika 
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 adalah invers Moore Penrose dari A.
Karena A mempunyai rank 1 maka setiap minor berukuran 2x2 dari A mempunyai determinan nol.
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Selanjutnya dibentuk matriks B
[image: image434.wmf]xmn

1

= (r
[image: image435.wmf]1

, r
[image: image436.wmf]2

, …,r
[image: image437.wmf]m

); H
[image: image438.wmf]1

mnx

= (c
[image: image439.wmf])

c

,...,

c

,

T

m

T

2

T

1

dan akan ditunjukkan bahwa H adalah invers Moore Penrose dari B.
Dengan menggunakan (*) diperoleh u
[image: image440.wmf]1

-



 EMBED Equation.3  [image: image441.wmf]å

k

j,

2

kj

a

= 1; u
[image: image442.wmf]1

-



 EMBED Equation.3  [image: image443.wmf]å

k

j,

kj

a



 EMBED Equation.3  [image: image444.wmf]kj

a

= 1; 

[image: image445.wmf]å

k

j,

kj

a

g
[image: image446.wmf]jk

=1; BH = 1. Sehingga HBH = H; BHB = B dan (BH)
[image: image447.wmf]T

= BH .

Selanjutnya HB = 
[image: image448.wmf]ú

ú

ú

ú

û

ù

ê

ê

ê

ê

ë

é

m

m

1

m

m

2

1

2

m

1

1

1

r

c

r

c

r

c

r

c

r

c

r

c

L

M

O

M

L

L

. Untuk menunjukkan bahwa (HB)
[image: image449.wmf]T

= HB, akan ditunjukkan dengan (c
[image: image450.wmf]j

i

r

)
[image: image451.wmf]T

 
Diatas sudah ditunjukkan bahwa u
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 invertible di R.
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Teorema 2.3.
Diketahui A matriks berukuran mxn atas R dengan rank r. Pernyataan pernyataan di bawah ini ekivalen :
1. A mempunyai invers Moore Penrose.

2. C
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(A) mempunyai invers Moore Penro-se

3. 
[image: image476.wmf]å

b

a

,



 EMBED Equation.3  [image: image477.wmf]2

A

a

b

invertible di R, dengan 
[image: image478.wmf]Ì

a

{1,2,…m}; dan 
[image: image479.wmf]Ì

b

{1,2,…,n}.
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Misal G adalah invers Moore Penrose dari A. Denganmenggunakan sifat matriks Compound yang diberikan oleh Prosolov maka C
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(G) adalah invers Moore Penrose dari C
[image: image492.wmf]r

(A).
2
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Þ

.

Dengan menggunakan teorema 3 diperoleh A mempunyai invers Moore Penrose. 
■

3. PENUTUP
Jika A adalah matriks atas Daerah Inte-gral yang mempunyai faktorisasi rank, ma-ka:

1. Invers Moore Penrose dari A dapat diperoleh melalui faktorisasi ranknya

2. A mempunyai Invers Moore Penrose jika dan hanya jika matriks Com-poundnya juga mempunyai invers Moore Penrose.
4. DAFTAR PUSTAKA
[1] Ayres F., Linear Algebra, Mc Graw – Hill,Inc.,United State of America.

[2] Bapat, R.B., Bhaskara Rao, K.P.S., Mayunata, K. (1990), Generalized Over Integral Domain, Elsevier Scien-ce Publishing Co.Inc , New York.

[3] Brown W.C. (1993), Matrices Over Commutative Rings ,Marcel Dekker, Inc. New York.
[4] Fraleigh J.B.(1994), A First course in Abstract Algebra, Fourth edition, Addi-son Wesley Co.Inc.,New York.
60
64
61

_1197284022.unknown

_1197352601.unknown

_1197353506.unknown

_1197354154.unknown

_1197354403.unknown

_1197354608.unknown

_1197354712.unknown

_1197354756.unknown

_1197354867.unknown

_1197354876.unknown

_1197354887.unknown

_1197354890.unknown

_1197354882.unknown

_1197354871.unknown

_1197354847.unknown

_1197354863.unknown

_1197354731.unknown

_1197354740.unknown

_1197354728.unknown

_1197354631.unknown

_1197354635.unknown

_1197354614.unknown

_1197354618.unknown

_1197354500.unknown

_1197354514.unknown

_1197354521.unknown

_1197354505.unknown

_1197354509.unknown

_1197354456.unknown

_1197354468.unknown

_1197354472.unknown

_1197354477.unknown

_1197354465.unknown

_1197354428.unknown

_1197354452.unknown

_1197354421.unknown

_1197354308.unknown

_1197354339.unknown

_1197354384.unknown

_1197354396.unknown

_1197354366.unknown

_1197354321.unknown

_1197354330.unknown

_1197354314.unknown

_1197354266.unknown

_1197354284.unknown

_1197354297.unknown

_1197354270.unknown

_1197354230.unknown

_1197354231.unknown

_1197354228.unknown

_1197354229.unknown

_1197354158.unknown

_1197353662.unknown

_1197354114.unknown

_1197354132.unknown

_1197354145.unknown

_1197354149.unknown

_1197354137.unknown

_1197354124.unknown

_1197354128.unknown

_1197354119.unknown

_1197354091.unknown

_1197354100.unknown

_1197354108.unknown

_1197354096.unknown

_1197354093.unknown

_1197354074.unknown

_1197354079.unknown

_1197354069.unknown

_1197353582.unknown

_1197353614.unknown

_1197353638.unknown

_1197353640.unknown

_1197353620.unknown

_1197353592.unknown

_1197353608.unknown

_1197353587.unknown

_1197353532.unknown

_1197353564.unknown

_1197353569.unknown

_1197353552.unknown

_1197353557.unknown

_1197353522.unknown

_1197353527.unknown

_1197353517.unknown

_1197352926.unknown

_1197353199.unknown

_1197353388.unknown

_1197353437.unknown

_1197353491.unknown

_1197353501.unknown

_1197353484.unknown

_1197353427.unknown

_1197353432.unknown

_1197353423.unknown

_1197353336.unknown

_1197353354.unknown

_1197353384.unknown

_1197353349.unknown

_1197353316.unknown

_1197353322.unknown

_1197353306.unknown

_1197352994.unknown

_1197353012.unknown

_1197353167.unknown

_1197353181.unknown

_1197353165.unknown

_1197353003.unknown

_1197353007.unknown

_1197352999.unknown

_1197352978.unknown

_1197352986.unknown

_1197352990.unknown

_1197352982.unknown

_1197352952.unknown

_1197352971.unknown

_1197352928.unknown

_1197352765.unknown

_1197352824.unknown

_1197352859.unknown

_1197352871.unknown

_1197352897.unknown

_1197352865.unknown

_1197352834.unknown

_1197352839.unknown

_1197352829.unknown

_1197352789.unknown

_1197352810.unknown

_1197352817.unknown

_1197352805.unknown

_1197352778.unknown

_1197352783.unknown

_1197352771.unknown

_1197352695.unknown

_1197352721.unknown

_1197352750.unknown

_1197352758.unknown

_1197352740.unknown

_1197352706.unknown

_1197352712.unknown

_1197352700.unknown

_1197352625.unknown

_1197352680.unknown

_1197352685.unknown

_1197352630.unknown

_1197352614.unknown

_1197352620.unknown

_1197352608.unknown

_1197352092.unknown

_1197352346.unknown

_1197352466.unknown

_1197352518.unknown

_1197352575.unknown

_1197352586.unknown

_1197352595.unknown

_1197352581.unknown

_1197352530.unknown

_1197352544.unknown

_1197352524.unknown

_1197352497.unknown

_1197352507.unknown

_1197352513.unknown

_1197352502.unknown

_1197352478.unknown

_1197352483.unknown

_1197352471.unknown

_1197352474.unknown

_1197352393.unknown

_1197352419.unknown

_1197352455.unknown

_1197352457.unknown

_1197352425.unknown

_1197352407.unknown

_1197352412.unknown

_1197352395.unknown

_1197352368.unknown

_1197352378.unknown

_1197352384.unknown

_1197352373.unknown

_1197352357.unknown

_1197352362.unknown

_1197352351.unknown

_1197352231.unknown

_1197352282.unknown

_1197352304.unknown

_1197352335.unknown

_1197352340.unknown

_1197352330.unknown

_1197352293.unknown

_1197352299.unknown

_1197352287.unknown

_1197352260.unknown

_1197352271.unknown

_1197352277.unknown

_1197352266.unknown

_1197352246.unknown

_1197352250.unknown

_1197352238.unknown

_1197352156.unknown

_1197352185.unknown

_1197352219.unknown

_1197352222.unknown

_1197352194.unknown

_1197352166.unknown

_1197352178.unknown

_1197352162.unknown

_1197352133.unknown

_1197352144.unknown

_1197352153.unknown

_1197352141.unknown

_1197352135.unknown

_1197352108.unknown

_1197352127.unknown

_1197352102.unknown

_1197351885.unknown

_1197351963.unknown

_1197352020.unknown

_1197352070.unknown

_1197352080.unknown

_1197352089.unknown

_1197352076.unknown

_1197352033.unknown

_1197352064.unknown

_1197352026.unknown

_1197351995.unknown

_1197352006.unknown

_1197352014.unknown

_1197352001.unknown

_1197351982.unknown

_1197351989.unknown

_1197351975.unknown

_1197351929.unknown

_1197351945.unknown

_1197351954.unknown

_1197351959.unknown

_1197351949.unknown

_1197351937.unknown

_1197351941.unknown

_1197351933.unknown

_1197351905.unknown

_1197351916.unknown

_1197351924.unknown

_1197351910.unknown

_1197351897.unknown

_1197351901.unknown

_1197351892.unknown

_1197351764.unknown

_1197351826.unknown

_1197351865.unknown

_1197351875.unknown

_1197351880.unknown

_1197351869.unknown

_1197351871.unknown

_1197351839.unknown

_1197351860.unknown

_1197351833.unknown

_1197351805.unknown

_1197351815.unknown

_1197351820.unknown

_1197351810.unknown

_1197351792.unknown

_1197351800.unknown

_1197351770.unknown

_1197351703.unknown

_1197351734.unknown

_1197351744.unknown

_1197351754.unknown

_1197351739.unknown

_1197351719.unknown

_1197351728.unknown

_1197351712.unknown

_1197351601.unknown

_1197351668.unknown

_1197351694.unknown

_1197351662.unknown

_1197284103.unknown

_1197351560.unknown

_1197284102.unknown

_1197282835.unknown

_1197283262.unknown

_1197283788.unknown

_1197283955.unknown

_1197283995.unknown

_1197284012.unknown

_1197284017.unknown

_1197284000.unknown

_1197283975.unknown

_1197283989.unknown

_1197283958.unknown

_1197283855.unknown

_1197283937.unknown

_1197283950.unknown

_1197283917.unknown

_1197283830.unknown

_1197283837.unknown

_1197283801.unknown

_1197283583.unknown

_1197283711.unknown

_1197283726.unknown

_1197283781.unknown

_1197283719.unknown

_1197283632.unknown

_1197283637.unknown

_1197283596.unknown

_1197283608.unknown

_1197283362.unknown

_1197283389.unknown

_1197283567.unknown

_1197283376.unknown

_1197283300.unknown

_1197283325.unknown

_1197283343.unknown

_1197283352.unknown

_1197283329.unknown

_1197283318.unknown

_1197283285.unknown

_1197283294.unknown

_1197283267.unknown

_1197283052.unknown

_1197283179.unknown

_1197283219.unknown

_1197283247.unknown

_1197283251.unknown

_1197283226.unknown

_1197283193.unknown

_1197283209.unknown

_1197283214.unknown

_1197283203.unknown

_1197283186.unknown

_1197283101.unknown

_1197283145.unknown

_1197283151.unknown

_1197283128.unknown

_1197283133.unknown

_1197283117.unknown

_1197283087.unknown

_1197283095.unknown

_1197283059.unknown

_1197282975.unknown

_1197283023.unknown

_1197283041.unknown

_1197283046.unknown

_1197283029.unknown

_1197282989.unknown

_1197283000.unknown

_1197283014.unknown

_1197282982.unknown

_1197282880.unknown

_1197282943.unknown

_1197282948.unknown

_1197282925.unknown

_1197282935.unknown

_1197282904.unknown

_1197282859.unknown

_1197282868.unknown

_1197282874.unknown

_1197282848.unknown

_1197282363.unknown

_1197282570.unknown

_1197282686.unknown

_1197282777.unknown

_1197282796.unknown

_1197282808.unknown

_1197282810.unknown

_1197282784.unknown

_1197282764.unknown

_1197282771.unknown

_1197282688.unknown

_1197282602.unknown

_1197282657.unknown

_1197282685.unknown

_1197282610.unknown

_1197282588.unknown

_1197282597.unknown

_1197282576.unknown

_1197282440.unknown

_1197282507.unknown

_1197282534.unknown

_1197282560.unknown

_1197282524.unknown

_1197282449.unknown

_1197282462.unknown

_1197282444.unknown

_1197282388.unknown

_1197282418.unknown

_1197282434.unknown

_1197282400.unknown

_1197282378.unknown

_1197282383.unknown

_1197282375.unknown

_1197281789.unknown

_1197282222.unknown

_1197282297.unknown

_1197282334.unknown

_1197282350.unknown

_1197282357.unknown

_1197282344.unknown

_1197282324.unknown

_1197282329.unknown

_1197282310.unknown

_1197282304.unknown

_1197282265.unknown

_1197282282.unknown

_1197282287.unknown

_1197282273.unknown

_1197282243.unknown

_1197282259.unknown

_1197282228.unknown

_1197282126.unknown

_1197282144.unknown

_1197282199.unknown

_1197282216.unknown

_1197282148.unknown

_1197282136.unknown

_1197282141.unknown

_1197282130.unknown

_1197282099.unknown

_1197282118.unknown

_1197282123.unknown

_1197282110.unknown

_1197281817.unknown

_1197282069.unknown

_1197281799.unknown

_1185008608.unknown

_1185257999.unknown

_1197281511.unknown

_1197281677.unknown

_1197281721.unknown

_1197281726.unknown

_1197281690.unknown

_1197281698.unknown

_1197281548.unknown

_1197281591.unknown

_1197281668.unknown

_1197281572.unknown

_1197281560.unknown

_1197281542.unknown

_1197281415.unknown

_1197281493.unknown

_1197281495.unknown

_1197281447.unknown

_1185259176.unknown

_1196849334.unknown

_1196849350.unknown

_1185259371.unknown

_1185258305.unknown

_1185096330.unknown

_1185096996.unknown

_1185257947.unknown

_1185096776.unknown

_1185096785.unknown

_1185096744.unknown

_1185008654.unknown

_1185094961.unknown

_1185095004.unknown

_1185008669.unknown

_1185008637.unknown

_1184746083.unknown

_1184748336.unknown

_1185005330.unknown

_1185008308.unknown

_1185006435.unknown

_1185004747.unknown

_1185005222.unknown

_1185000390.unknown

_1184748377.unknown

_1184747045.unknown

_1184747073.unknown

_1184746890.unknown

_1184744062.unknown

_1184744445.unknown

_1184743763.unknown

_1184743405.unknown

